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Numerical Analysis of Eddy Viscosity Models in Supersonic
Turbulent Boundary Layers

J. S. SHANG,* W. L. HANKEY jR.,t AND D. L. DWOYERJ
Aerospace Research Laboratories, Wright-Patter son Air Force. Base, Ohio

Three multilayer eddy viscosity models by Herring-Mellor, Cebeci-Smith-Mosinskis, and Maise-McDonald are
compared in this investigation. The aforementioned models were incorporated into an implicit finite difference
numerical scheme for compressible turbulent boundary layers. Calculations were performed over Mach number
ranges of approximately 0 to 4.55 with the Reynolds number spanning the range of 4 x 106 to 1.41 x 109 for
zero pressure gradient and adiabatic wall. All selected viscosity models produced comparable results and provided
excellent agreement with the experimental measurements. The calculated results revealed the dominant nature of
the viscous sublayer while modifications in the law of the wake region exhibited a relatively mild influence on the
numerical solutions.
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Nomenclature
= skin-friction coefficient
= specific heat at constant pressure
= viscosity-density parameter
= dimensionless velocity u/ue
-- static enthalpy
= constants in eddy viscosity models
= characteristic length
= Mach number
= pressure
= Prandtl number uCp/k
-- static temperature
= streamwise and normal velocity components

•• ratio of specific heats
= boundary-layer and displacement thickness
= kinematic eddy viscosity coefficient
= dimensionless equivalent viscosity 1 + e/v
= dimensionless equivalent viscosity 1 + (Pr/Prt) (e/v)
: dimensionless temperature T/Te
•• boundary-layer momentum thickness
= molecular thermal conductivity
= molecular viscosity coefficient
= molecular kinematic viscosity
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£, rj = transformed streamwise and normal coordinates
p = density
i = shear stress

Subscripts
e = denoted variable evaluated at local external stream
t = turbulent property
t, i = beginning of transition
t,f = end of transition
w = denoted variable evaluated at wall
< > = time-mean average

Introduction

THE primary purposes of this investigation was to evaluate
the classic eddy viscosity model in the regions of the viscous

sublayer, the law of the wall, and the law of the wake. Several
multilayer eddy viscosity models were chosen for the present
purpose. The choice of the classic flux-gradient concept over the
turbulent kinetic energy method was based on the fact that for
zero pressure gradient situations both methods yielded virtually
identical results.1 One recognizes that both methods could not
escape the reign of phenomenological study of turbulent
boundary layers. The common weakness manifested itself
obviously in the prediction of flows which deviated from the
"equilibrium" condition. For the aforementioned reason the
present evaluation was restricted to the flows over an adiabatic
flat plate.

The viscous sublayer models adopted in the present analysis
included the works of Van Driest,2 Mellor,3 and McDonald4

Van Driest's work on the viscous layer yielded continuous
velocity and shear distributions for turbulent flow near a smooth
wall. Mellor studied the viscous layer in the light of the
similarity law. Noting the different characteristic behavior in
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various regions of the turbulent layer, he adopted an asymptotic
matching scheme to develop a composite effective viscosity for
the entire layer. The more recent work by McDonald on the
viscous layer was prompted by the observations of Kline et al.5
in the wall region. An intermittent representation of the turbulent
flow in the sublayer was approximated by the normal probability
function. All the cited viscous sublayer models represented a
modification of the law of the wall immediately adjacent to the
wall. The logarithmic portion of the turbulent boundary layer,
as described by the Prandtl mixing-length concept, was employed
for all cases in the present analysis.

In the law of the wake region the Clauser defect law, the
Cebeci-Smith-Mosinskis6 intermittency correction and the
Maise-McDonald7 correction were selected for the present
purpose. The Maise-McDonald eddy viscosity model was
deduced from their generalized velocity profile which contained
the law of the wall and the law of the wake by an integral
momentum scheme.

The concept of eddy viscosity has been successfully applied
to compressible turbulent boundary layers by means of finite
difference schemes; however, uncertainties remained in the
numerical accuracy and on the influence of the transition region.
In the present analysis, the former was resolved by a systematic
study of the numerical errors related to grid-point size. The effect
of the initial condition on the transition region was investigated
by the Dhawan and Narasimha's8 transition model. The
transition model was first evaluated by comparison with
experimental data. The effect of initial condition was then
obtained by comparing two numerical solutions.

(4)
The eddy viscosity concept yielded

-p(u'vry = psdu/dy (5)
If one accepted the hypothesis of eddy viscosity for the

Reynolds stress, it would be logical to extend this concept to
the apparent heat flux term. As previously defined

-p^ry = (i/c^dT/dy (6)
It follows naturally at this stage to define the turbulent Prandtl
number as

Pr .= Cps_ <uV> (dT/dy)
(7)<i/r> (du/dy)

Finally, we obtained the closure of the governing equations
by introducing the perfect gas law and Sutherland's viscosity
equation. The associated boundary conditions were the nonslip
conditions ; adiabatic wall and asymptotic behavior of velocity
and temperature to the freestream condition. The Levy-Lees
transformation converted the governing equations into

^H-2^ + F = 0 (8)
(CtF),- DF, + «0 - F2) = 2£FF, (9)

[(l/Pr)a0 „]„ - D0, + aCeF, 2 = 2£F0, (10)
where v was defined as

e e

The system of equations was similar to that of Harris'13 with
the exception that transverse curvature terms were not considered
here.

Governing Equations
The compressible, turbulent boundary-layer equations for two-

dimensional flows were expressed as9'10

(8/dx)(pu)+(d/dy)(pv+(p'v'y) = 0 (1)
d« , , , ,, , 8u du, 8 ( 8upu- + (pv+<p „'»- = peue -• + Ty^y (2)

8h- dh due A dh

The x, y coordinates formed a curvilinear system as in the classic
boundary-layer analysis. The x coordinate denoted the distance
on the contour measured from the leading edge and y was the
coordinate orthogonal to the contour.

The validity of the approximate equations of motion for
compressible turbulent boundary layer had been scrutinized by
Van Driest,9 and more recently by Herring et al.10 Morkovin,11

and Bradshaw.12 The additional assumption beside the classical
boundary-layer approximation was that of the relative smallness
of the terms involving the density fluctuation. The order-of-
maghitude arguments made either by assuming p'ue

2 <^ pe ue
2

(Bradshaw1 2) or pe ue
2 <^ pe (Morkovin1 ̂  led to the requirements

of 0[(y-l)Me
2] -0(1) or Me^ 5 (Ref. 11). For compressible

turbulent boundary layers in mild pressure gradients, Bradshaw
showed a more restrictive condition (y — l)M2 dd/dx <O.

Three time-mean fluctuation terms appearing in the system of
equations were usually designated as apparent mass flux <pV>,
momentum flux p<wV>, and energy flux Cpp<i/T"> due to
turbulence. Analytically, the additional dependent variables
prevented the closure of the system of equations to describe
turbulent boundary-layer flows. The balance of the variables
and equations could only be achieved through various
assumptions.

In order to achieve the closure of this system of equations,
an assumption concerning the apparent transport properties was
made. The apparent mass flux term <pV> was relatively easy
to take into account under the boundary-layer assumption. We
defined the velocity component normal to the surface as

The Eddy Viscosity Models
The turbulent boundary layer was known to possess widely

different length scales. The distinctive regions of the eddy
viscosity models usually are described as consisting of three
layers, namely the viscous layer, the law of the wall and the
law of the wake region. The various regions might have different
designations but all modifications merely intend to take into
account the intermittent nature of turbulence in the boundary
layer. The existence of the viscous sublayer immediately adjacent
to the wall has long been recognized. The structure of the viscous
layer was investigated by Laufer14 and more recently by Kline
et al.5 The thin wall region plays a very dominant role in
determining the structure of the entire boundary layer. The outer
portion of a turbulent layer on the other hand, has a wakelike
structure in that there is great similarity due to the effects of
intermittency, entrainment and the sensitivity of the outer portion
of the profile to pressure gradient.15 In the framework of an eddy
viscosity concept, one could describe the equivalent viscosity by
different inner and outer values. The outer region then included
only the law of the wake region. The equivalent eddy viscosity
could be given as v + Ysi and v-f F£O in the inner and outer
regions, respectively. The function T was the transition factor
which assumed a value of zero in the laminar flow and became
unity downstream of the transition zone.

In the sublayer region we selected three models:
Cebeci-Smith-Mosinskis model

(13)

(14)

Herring and Mellor model
(e/v), =

where
= (*i3>/v)(T/p)1/2

McDonald model

where P(£) was the normal probability function
c_Wv)(t/p) t /2-23
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One observes that the scaling variable in Mellor's and
McDonald's models is the local i instead of TW as in Cebeci-Smith-
Mosinskis' model. The numerical differences between the Mellor
and Cebeci models were minor because both models were
evaluated from Laufer's14 data. However, conceptually the two
models were vastly different. Cebeci's model was a derivative of
Van Driesfs analysis of the wall regions, the exponential damping
was the asymptote of a time dependent Stokes solution. Mellor's
model, however, was obtained by similarity consideration. The
McDonald model was simply a modification for the intermittent
turbulence in the viscous sublayer.4 In the law of the wall region,
the eddy viscosity model was simply described by the Prandtl
mixing length concept. In Mellor's terminology it was denoted as
the overlapping region

s/v = (kl
2y2/v)\du/dy\ (15)

For the law of the wake or the defect law region we selected the
modified Clauser defect law and Maise-McDonald's
modification.

(e/v)0 = k2ue(8t*/v)'y(y/S) (16)
The basic scaling of d* for compressible flow was adopted by
Herring et al. and Cebeci et al. Cebeci et al, in addition,
included the intermittency correction factor y obtained by
KlebanofT.16 Cebeci et al. used the approximate expression for
the error function to give

The Maise-McDonald7 eddy viscosity model was deduced from
the integral momentum method by their generalized velocity
profile for a compressible turbulent layer over an adiabatic flat
plate. They demonstrated that the calculated kinematic eddy
viscosity was nearly independent of Mach number, if normalized
with respect to the incompressible displacement thickness and the
freestream velocity. The effects of Reynolds number on the
kinematic viscosity was less pronounced than the Mach number.
In the spirit of seeking a simple kinematic eddy viscosity model,
the effect of Reynolds number was not taken into consideration
for the present investigation. Maise-McDonald's model was
introduced into the numerical procedure in tabulated form. The
rest of the calculation procedures and associated initial condi-
tions remained unchanged between these models. In order to take
into account the Mach number effects on Maise-McDonald's
kinematic eddy viscosity model, a three-point interpolation
scheme was utilized to obtain the eddy viscosity coefficient from
their published data.7

The initial conditions for a turbulent boundary-layer investiga-
tion often provoked uncertainty. The issue always evolved from
the laminar-turbulent transition phenomena. The Reynolds
number of turbulent flows usually was calculated by the approxi-
mate location of the virtual origin.16'17 In numerical analyses
the initial conditions either allowed the eddy viscosity to become
nonzero6 at some specified location or to be by-passed completely
with empirical information.10'12 The present analysis attempted
to investigate the initial conditions by using the transition model
of Dhawan and Narasimha.8 The transition model was
successfully introduced to compressible flow by Harris.13

The transition model was
F(x)= l-exp(-0.412x2) ((18)

where x is the normalized streamwise coordinate in the transition
region.

x = [(x-xM)/A] xt,^x^xtj (19)
XM and xtj denoted the initial and final locations of the
transition zone. A is a measure of the extent of the transition
region defined by

A = xr = 3/4-xr = 1/4 (20)
In the aforementioned model, three parameters are required,
namely XM, xtj and xr = 1/4 (or xr = 1/4). For the present purpose,
the extent of transition was obtained from experimental data.
The parameter A was allowed to vary until agreement with
experimental data was reached. This systematic variation yielded
a parametric study of initial conditions for the present calcula-

tions. Matting's17 data was selected for the study, and application
of the transition model was also limited to Matting's data.

Current investigations of the energy transport process have not
reached a comparable state of development as that of the
Reynolds stress. For simplicity the present analysis utilized a
constant turbulent Prandtl number of 0.9. However, provisions
were also made in the numerical scheme to include more
sophisticated models for future development.

Numerical Solution of the Governing Equations
The linearization and solution technique in the present analysis

followed closely the works o.f Flugge-Lotz, Blottner, and
Da vis.18'19 A three-point difference scheme treated derivatives
in the £ direction by a Taylor series expansion around the
unknown ray w+1 to upstream rays m, and m— 1. The
derivatives with respect to Y\ were expanded, respectively, about
a central point n. The momentum and energy equations in finite
difference form were solved simultaneously.

To facilitate the calculations, variable step size was incor-
porated into the numerical procedure. In the £ direction, double
step sizes were selected at various streamwise stations to speed
up calculation. In the Y\ direction, additional stretching of the rj
coordinate was implemented. The geometric progression in
successive AA/M was identical to that of Cebeci et al.6

Ai/,,^*"-1^, n = l,2,...,N (21)
In the present analysis, the maximum streamwise step size was

around x/L = 0.01. The step size in the Y\ direction was more
restrictive. It was found that the most suitable initial step size
was about A^ = 0.0005. Further decrement in A^ by a factor of
two merely affected the skin friction coefficient by 3^%.

The initial conditions used in this numerical scheme were
similar to that of Cebeci et al. and Harris. Laminar similar
solutions were generated in the program at the first two stations.
At these stations, the A£/L should be approximately A£/L =
0.0006 to minimize the possible errors downstream.

An iteration procedure for the nondimensional velocity and
temperature profiles was included in the present scheme. The
initial profiles in the iteration process were predicted by a
straightforward difference scheme. The profiles were then allowed
to relax until no change between iterations occurred. Aside
from -the fact that this process assures the convergence of the
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Fig. 1 Numerical errors vs grid-point spacing.
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solution, we consider this process significant since the eddy
viscosity models scale themselves according to the mean flow
properties, (gradients) particularly in the region adjacent to the
wall. The tolerances adopted in this analysis for F and 0 were
given a constant value of 0.00005 for all the calculations. The
iteration procedure was not included in Harris' work.13

The shear stress and heat transfer at the wall were evaluated
from transformed velocity and temperature, profiles by a four-
point difference scheme. Harris'13 three point mean of the eddy
viscosity function was used in the present analysis to prevent
possible wavy distribution in eddy viscosity across the boundary
layer. One would expect it to occur only in the discrete joint
of Cebeci's outer and inner viscosity models.6 However, the
averaging process was retained in the program for calculations
with Maise-McDonald's eddy viscosity model to isolate the
comparison only to the eddy viscosity models.

The calculations were carried out by the CDC 6600 digital
computer. Each iteration cycle required 0.4 sec to compute
250 grid points in the rj coordinate. The computing time was
roughly in linear proportion to the number of grid points in q,
For example, 150 grid points in r\ coordinate required only
0.22 sec to complete the calculation cycle. The. maximum
number of profile iterations was about ten and was always
associated with the starting condition and transition region.

k = 1.12 which corresponded to the minimum number of grid
points for the tested case. The deviation in momentum thickness,
however, was found to be insignificant. The calculated skin-
friction coefficients are presented in Fig. 2 together with Cebeci's
result and Mbore-Harkness' data.20 The agreement was excellent
between experimental measurements, Cebeci's result, and the
present calculation with 112 grid points. The more accurate
calculation of Cf performed by assigning 294 grid points in Y\,
however, revealed uniform uriderprediction of about 5%.

The laminar-turbulent transition model of Dhawan et al. was
adopted to investigate the initial conditions for the turbulent
boundary-layer calculations. Figure 3 shows the comparison
between the experimental data of Matting et al., and the present
prediction method at Mach numbers of 2.95 and 4.2. The
transition model was satisfactory in describing the transition
behavior. The eddy viscosity model of Cebeci et al. was adopted
for the analysis of transition. The maximum discrepancy between
the data and the calculation was located downstream of
transition, and the calculated Cf was persistently overpredicted
by around 6%.

The effects of the initial condition was studied by comparison
of two similar calculations. One of the calculations was made

Discussion of Results
The presentation of the computed results is organized into

three groups. The first portion of the results is concerned with
the relationship between numerical accuracy and the number of
grid points (grid-point size). The second subject was focused on
the effects of the transition criteria or initial conditions on the
numerical solution. The rest of the efforts were devoted to the
comparison of the various eddy viscosity models and the
sensitivity of the models on the global boundary-layer properties.

Numerical errors of the finite difference analysis probably
were reflected by the approximation of the truncated series
expansion which in turn were governed by the step size. The
constant k of the geometric progression for &r\ [Eq. (21)] played
a significant role on computing time and numerical accuracy.
The value of k was an index of the number of grid points in
f/. For example, at Rex= 1.41 x 109,. Me = 2.8 and A^/L =
0.0005, k = 1.12 and k = 1.04 produced a number of grid points
of 112 and 294, respectively. Figure 1 presents the calculated
skin-friction coefficients and momentum thickness for various k
values. One observes a maximum error in Cf of about 7% for

2,95
4.20

O DATA OF MATTING etal -—— PRESENT RESULT

E DATA OF MATTING etal —— PRESENT RESULT

Cf X I03

10* K)8

Fig. 3 Skin-friction distribution for laminar, transition, and turbulent
flow regions.
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Fig. 4 Effect of the initial conditions on
numerical calculations.
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to become turbulent at the first station, the other one was
calculated with the laminar-turbulent transition model closely
following the experimental data. The ratio of Cf and momentum
thickness 0 for these two situations vs the normalized stream-
wise distance is given in Fig. 4. One observes that the Cf value
is relatively insensitive to the initial condition, in that the
difference between the two calculations vanishes around one
hundred dti downstream of the beginning of transition. On the
other hand, the momentum thickness was rather sluggish in
attaining agreement between the two calculations.

In Fig. 5 three of the law of the wake eddy viscosity models
are presented. To achieve the comparison, the sublayer region
and the law of the wall region were calculated by the Van Driest
modification of the wall region and Prandtl's eddy viscosity
model, respectively. The Maise-McDonald law of the wake
correction and Cebeci et al. intermittency correction in principle
were identical, both intended to describe the intermittently
turbulent behavior of the outer portion of the turbulent boundary
layer. Regardless of the difference in the law of the wake region,
the equivalent viscosity remained identical for the rest of the
boundary layer. In contrast, the Clauser defect law representation
excluding the intermittency correction increased the equivalent
viscosity in the wall region and attenuated the extent of the
logarithmic region. The accompanying velocity profiles are given

1000 r
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Fig. 5 Comparison of the intermittency correction in the law of the
wake region.

in Fig. 6. Comparison of the numerical results with Klebanoff's
data reveals the significance of the intermittency correction in the
law of the wake region. The difference between results of Cebeci
et al. and Maise et al. was found to be negligible.

The sublayer models were also similarly investigated. The
Maise-McDonald eddy viscosity distribution was modified by
Van Driest's, Mellor's and McDonald's viscous sublayer models.
It was obvious that the sublayer model dominated the develop-
ment of the turbulent boundary-layer structure. The sublayer
not only determines the shear stress at the wall but scales the
entire turbulent boundary layer (Fig. 7). The original Maise-
McDonald eddy viscosity model without the consideration of the
sublayer yielded similar results to the combination of Prandtl's
and Clauser's eddy viscosity models. The McDonald viscosity
model near the wall differs from the Mellor and Van Driest
modification. The damping factor of McDonald's modification
near the wall was nonzero by the description of the normal
probability function but the modification produced similar
results to that of Mellor and Van Driest.

We found that over the Mach number range of 0 to 4.55 and
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Fig. 6 Comparison of the calculated velocity profiles with Klebanoff 's
data.
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Fig. 7 Comparison of the viscous sublayer eddy viscosity models.

Reynolds number from 4 x 106 up to 1.41 x 109, the viscous sub-
layer was confined to within 0.015 of the local boundary-layer
thickness. However, the influence of sublayer viscosity model was
overwhelming in the finite difference calculations. In Figs. 8 and
9, we presented the calculated velocity and Mach number profile
with various combinations of the sublayer and the law of the
wake models. The comparisons were made with Coles' data21 at
Mach numbers of 1.982 and 4.55. Again one observed that the
results of modified Maise-McDonald's viscosity model were
virtually identical to that of the model of Cebeci et al. Observable
deviations from the experimental data were obtained from the
eddy viscosity model without intermittency correction. However,
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Fig. 8 Comparison of the calculated velocity and mach number
profiles with Coles' data (Me = 1.982).
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Fig. 9 Comparison of the calculated velocity and Mach number
profiles with Coles' data (Me = 4.554).

the effect of the intermittency correction was not limited to the
outer portions of the boundary layer. This might be attributable
to the flow history aspect of the solving scheme.

All the demonstrated cases in the present analysis were
restricted to the zero pressure gradient, adiabatic or near
adiabatic flow conditions and the freestream Mach numbers
were less than five. Therefore, the flowfields considered were
near equilibrium or in a self-preserving condition and the terms
associated with the density fluctuation were relatively small. The
present calculations probably presented the best result that an
eddy viscosity model could produce. Application of the eddy
viscosity model to flowfields substantially different from the
aforementioned, particularly, in cases of severe pressure gradient,
significant amounts of heat transfer and hypersonic Mach
numbers, may result in serious error. In essence, the eddy
viscosity model shall only be used where the scaling lengths,
either in the inner or the outer region of the eddy viscosity
model, were originally devised.

Conclusions
The classic eddy viscosity models were investigated by com-

parison of three viscous sublayer models and two intermittency
corrections in the outer portion of the turbulent boundary layer.
For the cases examined, the three different viscous layer models
produced a variation of less than 9% in Cf. However, neglect
of the sublayer resulted in an overprediction of the skin-friction
coefficient by about 90%. The thin viscous sublayer region not
only directly affected the shear stress calculation, but also scaled
the entire turbulent boundary layer. The von Karman constant
k1 was parametrically changed and a 1% increase in /c1 resulted
in +0.9% increase in Cf. The identical variation of /c2,
Clauser constant, yielded only + 0.4% change of Cf. The influence
of k1 and k2 on the momentum thickness was less pronounced.
The calculated results revealed an insensitivity to any inter-
mittency correction in the law of the wake region. The difference
between Maise-McDonald's and Cebeci-Smith intermittency
correction was about 25% at a y/d around 0.4 and yet the
predicted skin-friction coefficients differed by only about 3%.
However, the influence of the intermittency correction was not
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confined to the outer portion of the turbulent boundary layer.
For a turbulent boundary layer over an adiabatic flat plate, the
sublayer was confined to within 0.015 of the boundary layer
thickness. The logarithmic region was limited to 0.015 to 0.2 of
the boundary layer, while the law of the wake region extended
over the rest of the boundary layer. In addition, the distribution
of three distinct regions of the turbulent boundary layer was
essentially independent of the freestream Mach number for the
calculated cases.

The transition model of Dhawan et al. was found adequate
to describe the laminar-turbulent transition phenomena for
compressible flows. Based upon the transition model, it was
found that both the skin-friction coefficient and velocity profile
were relatively insensitive to the transition location but the
momentum thickness was profoundly affected. Obviously, the
accuracy of predicted momentum thickness is dependent upon
the relative location of transition. But if one accepts a fixed
tolerance, the momentum thickness requires an order-of-
magnitude larger downstream distance to attain the tolerance
than that of the skin-friction coefficient.
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